arXiv:1509.03204vl [math.AP] 10 Sep 2015 


A WEIGHTED ESTIMATE FOR TWO DIMENSIONAL SCHRODINGER, 
MATRIX SCHRODINGER AND WAVE EQUATIONS WITH 
RESONANCE OF FIRST KIND AT ZERO ENERGY 

EBRU TOPRAK 


Abstract. We study the two dimensional Schrodinger operator, H = —A + V, in the 
weighted L^(R^) setting when there is a resonance of the first kind at zero 

energy. In particular, we show that if |E(a;)| < and there is only s-wave resonance 

at zero of H, then 

HI > 2. 

with w{x) = log^(2 + |x|). Here Ff = «/'(/, V'), where -i/i is an s-wave resonance function. 
We also extend this result to matrix Schrodinger and wave equations with potentials under 
similar conditions. 


1. Introduction 

Recall the propagator of the free Schrodinger equation: 

(1) e-*‘^/(x) = -— 

^ ^ ^ ' (47rit)’"/2 ^ 

which satisfies the dispersive estimate 

(2) l|e-**^/||oo<U"/'||/||i 

for any n > 1. There are many works concerning the validity of such an estimate for the 
perturbed Schrodinger operator H = —A + V where V(x) is a real-valued and bounded 
potential with sufficient decay at infinity, see for example [32lllIl[2lllI71[22l|52lll6l[6l[9]. 

Since H may have eigenvalues on (—oo,0], the inequality ([2]) cannot hold in general. 
Therefore, we consider Pac{H) where Pac{H) is the orthogonal projection onto the 
absolutely continuous subspace of ^a,s observed that the time decay of the 

operator Pac{H) is affected by resonances or an eigenvalue at zero energy (see, e.g., 
[391 ESI ETl EZl ESI [II ED EZl El HU] ). 

Date: September 11, 2015. 

The author was partially supported by NSF grants DMS-1201872 and DMS-1501041, and would like to 
thank Burak Erdogan for the financial support and for his expert advise. 





2 


EBRU TOPRAK 


Recall that, in two dimensions, a distributional solution of H'lp = 0 is called an s-wave 
resonance if ip G but V' ^ for any p < oo, and it is called a p-wave resonance 

if Ip G for 2 < p < oo, but ip 0 We also say there is a resonance of the first 

kind at zero if there is only an s-wave resonance at zero but there are no p-wave resonances 
or an eigenvalue at zero. It is important to recall that in this case there is only one s- 
wave resonance function upto a multiplicative constant. There are similar definitions for 
resonance in dimensions n = 1,3, 4, and there are no zero energy resonances in dimensions 
n > 5 . 

We note that by these definitions constant function 1 is an s-wave resonance in dimension 
two for the free Schrodinger operator. In addition, using the formula ([T]), one can easily 
prove that 

(3) Ip)) |Loo(k 2) ^ lk/llLi(R=) 

where w{x) = log^(2 -|- |x|), and ip is the resonance function ip{x) = 1. This suggests that 
the perturbed Schrodinger evolution should satisfy a similar weighted estimate with an 
integrable decay rate in the case of an s-wave resonance. Indeed, our main result in this 
paper is 

Theorem 1.1. Let |I4(x)| < for some (3 > 3/2. If there is a resonance of the first 

kind at zero for H = —A -|- V, then we have 

< I^Klog 1^1)2 II^/IIa(K^) 

for |t| > 2 where F is a rank 1 operator and w{x) = log^(2 -|- |x|). Furthermore, Ff = 
cip{f,ip), where ip is an s-wave resonance funetion. 

We then extend this result to matrix Schrodinger operator and to the low-energy evolution 
of the solution of the two-dimensional wave equation, [see Theorem 11.31 and Theorem 1 1.4j . 
The dispersive estimate 

(4) l|e**'^T’ac/||L°°(K") < C\t\ 2 II/IIli(R") 

in dimensions one and two were studied in [1111131 na Ea ESI ini HI]. In fact, m is 
established by Goldberg-Schlag for n = 1 in m and Schlag for n = 2 in [43] assuming zero 
is regular, that is when there is neither a resonance nor an eigenvalue at zero. The result 
in dimension two is then improved by Erdogan-Green to a more general case. They showed 
the same estimate when there is a resonance of the first kind at zero. 
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The main concern for these estimates is that they are not integrable in time at infinity. An 
estimate which is integrable at infinity is very useful in the study of nonlinear asymptotic 
stability of (multi) solitons in lower dimensions. See [Ml [331 EH 111 SZl ESI US] for other 
applications of weighted dispersive estimates to nonlinear PDEs. 

One of the earliest integrable decay rates is established by Murata in weighted L? spaces. 
In [37] . [Theorem 7.6], Murata proved the following statement in polynomially weighted 
spaces by assuming sufficient decay on V. If zero is a regular point of the spectrum, then 
for \t\ > 2 

(5) ||'u;]-^e*‘^Pac(^I)/||L2(R) < C'fi||u;i/||i2(K), 

(6) \\W 2 ^ Pac{H)f\\L2 (K.2) < |^|^2 ||l2(R2) . 

In [45] Schlag improved Murata’s 1-d result ([5]) to weighted L°° setting and he 

showed if zero is regular then 

for w{x) = (x) provided that \V\ < 

Constant functions being resonance in dimension one together with ([3l) led Goldberg to 
ask whether a similar estimate as in Theorem 1 1.1 1 can be obtained when zero is not regular. 
Specifically, Goldberg showed that if (1 + |x|)^I/ E L^{R) then 

(7) 11(1 + Ixir^P^^PacH - {-A7rzt)-^2)F)fU^ < t-i||(l + \x\^)f\\, 

where T is a projection on a bounded function /o satisfying HJq = 0 and lima;_>.oo(|/o(3;)| + 

l/o(-x)|) = 2. 

Murata’s ([6|) result for dimension two was also improved by Erdogan-Green. In m], it 
was proved that if zero is regular then 

( 8 ) Pac{H)f\\Ll^^2) < 11 ^/ 11 ^°°(«^) 

for w{x) = log(2 + x^) and |E| < (x)“^ for /3 > 3. Theorem 11.11 above was motivated by 
Goldberg’s result ([7|) and Erdogan-Green’s result (|8|). 

There have been also studies of the Schrodinger operator in dimensions n = 3,4 and 
n > 4. For more details about these dimensions one can see @51 la la [131 [231 [23] 

We define the resolvent operator as Ry{X‘^) = lim£_j.o(77 — (A^ ± By Agmon’s 

limiting absorption principle |2], this limit is well-defined as an operator from to 772,-0- 
for CT > i where = {/ : (x)^f e L^{W^)} and 7^2,0 = {/ : D^f E 0 < 
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|a| < 2}. The proof of Theorem 11.11 relies on expansions of Ry around zero energy and 
Stone’s formula for self-adjoint operators: 

1 poo 

(9) e^^^Pac{H)x{H)f{x) = ^ Xx{X)[RU^^) - Ry{X^)]f{x)dX, f € 

Here x is an even smooth cut-off function supported in [—Ai,Ai] for a hxed sufficiently 
small Ai > 0 and it is equal to one if |A| < ^. We note that, in our analysis V has enough 
decay to ensure that H has hnitely many eigenvalues of finite multiplicity on (—oo,0], with 
(^ac{H) = [0,oo), see [lO]. 

We then extend our result to the non-self adjoint matrix Schrodinger operator. The non 
self-adjoint matrix Schrodinger operator is defined as 


( 10 ) n = no + v = 


A -|- /i 

0 

+ 

-Vi 

-V 2 

0 

A — fj. 


V 2 

Vi 


on L^(R^) X where fj, > 0 and Vi, V 2 are real valued potentials. Note that if we 


diagonalize R. with the matrix 


1 i 

1 -i 


we obtain 


0 iL_ 
iL+ 0 


That matrix together 


with Weyl’s criterion gives us aessiR) = (— 00 , —/r] U [^, 00 ) assuming some decay on Vi and 
H2. 

We need the following assumptions, 

Al) - (TsV is a positive matrix where cjs is the Pauli spin matrix 


0-3 


1 0 
0 -1 


A2) L_ — —A fj, — Vi -|- V 2 ^0, 

A3) |Pi| -|- IV 2 I ^ {x)~^ for some /? > 3, 

A4) There are no embedded eigenvalues in (— 00 , —/r) U (^, 00 ). 

It is known that the first three assumptions are to hold in the case when the Schrodinger 
equation is linearized about a positive ground state standing wave '4’{t,x) = e**^(^(x). We 
need the fourth assumption to be able to dehne the spectral measure from Xfj to X-^ where 
X„ = X . For more details one can see |15] and m- 

Dispersive estimates for the operator (fT0]l is studied in (Tj HU HU HU [U [Ml ESj- t^ie 
case when thresholds are regular the following result is obtained in dimension two. 
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Theorem 1.2 (Theorem 1.1 in |12]). Under the assumptions ^41) — AA) if ^pL are regular 
points of7i = Tio + V we have 

and 

||u) ^e**‘^Pac/||L°°xL°° ^ -nTTI- f\\ U xU ^ 1^1 > 2 

\mog\t\y 

where w{x) = log^(2 + |x|). 

Our main result for the matrix Schrodinger operator is Theorem 11.31 


Theorem 1.3. Under the conditions Al)-A4), if there is a resonance of the first kind at 
the threshold pL then we have 

||e**^Pac/||L°°xL°° < I^II/IIlIxLI 

and 

\\w~^{e"'^Pacf - ^^/)||l-xL- < I^Klog 1^1)2 1^1 > 2. 

Here ^{x,y) = cy{x)a 3 'if{y), where if{x) is an s-wave resonance and w{x) = log^(2 + |x|). 
A similar statement holds if there is a resonance of first kind at —pL. 


The resolvent expansions we obtain to prove Theorem 11.11 for Schrodinger evolution are 
also applicable to the two-dimensional wave equation with a potential. Recall that the 
perturbed wave equation is given as 


(11) utt-Au + V{x)u = 0, u{x,0) = f{x), ut{x,0) = g{x) 

with the solution formula 

u{x,t) = cos{tVH)f{x) + 

for / G and g G By Stone’s formula, we have the representations 

1 

(12) cos{tVH)Pacfix) = ^ J cos{tX)X[R^{X^) - Ry{X'^)]f{x)dX 


(13) 


sm{ty/H) 

Vh 


Pa 


1 /■°° 

g{x) = ^ J sin(fA)[R(^(A2) - Ry{X‘^)]g{x)dX. 


For the low energy, that is when 0 < A <C 1 this representation leads us to a similar result 
as in Theorem 0 On the other hand, for the large energy, A > 1, one needs regularizing 
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powers of (H) " for some a > 0 which reflects the loss of derivatives of initial data, see., 

e.g. [25]. 

In dimension two, these type of estimates are studied in [51 I551I2U] . In , Green proved 
that if there is a resonance of first kind at zero, then 


cos{tVH){H)-^/^-PaJ{x) 


Loc < \t\ 5 


(14) 




Vh 




\L°° 


< \t\ 2 


Ri) 


Li; 


and if zero is regular, then 

\\{x)-^- COs{t^/H){H)-^/^-Pacf{x)\\,^ < \t\~^\\{x)^^f\\Ll, 


(15) 




Il°° ~ 




The techniques we present below to obtain Theorem 11.11 for the Schrodinger evolution 
can be easily adapted to the wave evolution to obtain; 

Theorem 1.4. Let |F(x)| < (x)“^^ for some /3 > 3/2. If there is a resonance of first kind 
at zero, then we have 

C 


(x) 2 COs{tVH)x{H)Pacf\\j;^oo < 


|t|(log|t|)2 


(a;)2+/||Li 






Vh ' ' t N(log|t|)2 

for |t| > 2, where F{x,y) = c'if{x)if{y) were tp is an s-wave resonance function. 

Theorem oi is valid only for the low energy part but by including regularizing powers 
and combining it with the high energy result (|14l) of Green, we can extend it to all energies. 


2. Scalar case 


In this section we prove that 


Theorem 2.1. Under the assumptions of Theorem \1.11 we have for t > 2 


(16) 


L 


1 


Ax(A)[i?+(A2) - R-{X^)]{x,y)dX - -F{x,y) 
0 ^ 


^w{x)w{y) ^ {x) 2 {y )2 


< 

~ . 1 ,2 


tlog^(t) ' 

where 0 < a < min(|, /3 — |) and F{x, y) = —where tp is the generator of the space 
of s-wave resonance. 
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Here the constant cq depends on the resonance function i/;. Our analysis below determines 
Co explicitly, (see, Remark 3 below) 

Combining (|16p with the high energy result obtained in m- 

Theorem 2.2 (Theorem 5.1 in [TT] ). Let |R(x)| < (x) for some /3 > 3/2. We have 
1*00 

sup / e^^^^Xx{\)x{^/L)[R^iX^) - RviX^)]{x,y)dX 

L>1 Jo 

for |t| > 2 where w{x) = log^(2 + |x|). 


^ (x) 2 (y )2 
^ ^3/2 ’ 


we obtain 


\e^^^Pac{H)ix,y) 
Interpolating this with 


jF'{x,y)\ < 


y/w{x)w{y) (x) 2 jy) 2 
tlog^(t) 


\P^^PaciH){x,y)\<^ 

from m which is satisfied when there is a resonance of the first kind at zero and using the 
inequality (see, e.g., my- 


we obtain 


This implies Theorem 11.1 


■ 7-1 ^ log2(a) 


\e-‘«PUH)(.,y)-tF(.,y)\<^ff>^, t > 2. 

t ' tlog (t) 


2.1. The Free Resolvent and Resolvent expansion around zero when there is a 
resonance of the first kind at zero. This subsection is devoted to obtain an expansion 
for the spectral density [Ry{X‘^) — Ry{X‘^)]{x,y). Recall that in M"' the integral kernel of 
the free resolvent is given by Hankel functions m- 
For n = 2 


(17) R^(A^)(x,y) = ±^R^(A|x - y|) = [Jo(A|x - y|) ± iyo(A|x - y|)] 

Here Jq{z) and Yq{z) are Bessel functions of the first and second kind of order zero. We use 
the notation f = 0(g) to indicate 


(18) 


d^ 

d)J^ j = 0,1,2,....,. 


If (flSl) is satisfied only for j = 1,2, 3,.., k we use the notation / = Ok{g)- 
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For l^l <C 1, we have the series expansions for Bessel functions, (see, e.g., mra]), 

(19) Jo(z) = 1-^z2 + ^z^ + 06(z®), 

(20) ^ 0 ( 2 :) = - log( 2 / 2 ) + — + d(z^ log(z)). 

TT TT 

For any C E we also have the following representation if | 2 ;| > 1. 

(21) C(z) = e^^cj+(z) + e-^^iu.(z), a;±(z) = 0((1 + |z|)-|) 

We prove two lemmas on the behavior of i?^(A^)(x, y) for sufficiently small A. 

Lemma 2.3. Let x be a smooth cutoff for [—1,1], andx = 1 —X- Define Jo{z) = x{z)Jq{z). 
Then 


MX\z\)\ < AV 2 |^|V 2 ^ |5AJo(Ak|)| < A-l/ 2 |^|l/ 2 , 192 J^(A|^|)| < A-V2|^|3/2. 


The same bound is satisfied when Jo(A|z|) is replaced with yo(A|2|) or Hq{X\z\). 


Proof. Using (12111 we have 




*<"^> = !o((rTw7j)|2iW"<AWr'^ 

_ _ / , i\z 

l«>^o(V)l = + ^1 < a 


-l/ 2 |^|l /2 


\dlMXz)\=o 


^ 2 g 2 A 2 


+ 


z2^i\z 


+ 


z2^i\z 


{l + XzffD {1 + XzfD (1 + Az)5/2 




□ 


Define 

(22) G'o/(x) :=- 7 ^ / log|x-y|/(y)dy, 

27r Jr2 

(23) y±(A) := llUlli ( ± 1 - ^ log(A/2) - . 

The following lemma and its corollary are Lemma 3.1 and Corollary 3.2 in m- 
Lemma 2.4. The following expansion is valid for the kernel of the free resolvent 
^0 (A^)(a;,2/) = ||^9'^(A) + G'o(x,y) + F;^(A)(x,y). 

Go{x,y) is the kernel of the operator Gq in ([ 2 ^ . and satisfies the bounds 
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Corollary 2.5. For 0 < a < 1 and b > a > 0 we have 

\dxE^{b) - dxE^{a)\ < a-5|5 - - y|5+“. 

Define U{x) as U{x) = 1 when V{x) >0 and U{x) = —1 when V{x) < 0, and v{x) = 
|D(x)|^/^. Then using the symmetric resolvent identity for iJA > 0, we have 


(24) 

R${X^) = R^iX^) - R^{X^)vM^{X)-^vR^{X^) 

where 


(25) 

M^(A) = U + ui?^(A^)u. 


Here we derive an expansion for M^(A) ^ in a small neighborhood of zero when there is a 
resonance of the first kind at zero. This derivation is similar to that in m- However, we 
need finer control on the error term. 

Let K : L^(]R"^) —>• L^(]R"') with kernel K{x,y). We define the Hilbert-Schmidt norm of 
K as 


\K\ 


HS ■ = 


I [ [ \K{x,y)\‘^dydx. 

JR’^ 

Lemma 2.6. Let 0 < a < 1. For A > 0 define M^{X) := U + vR^{\‘^)v. Then 

M±(A) = g^{X)P + T + (A). 


Fbere T = U + vGqv where Gq is an integral operator defined in (12^ and P is the orthogonal 
projection onto v. In addition, the error term satisfies the bound 


\HS 


II sup A 2 |L;f(A)||| ^ + 11 sup A2|5AL^f(A)||| 

0<A<Ai 0<A<Ai 

+ ||_sup _ Ai(6-A)-“|5ASf(6) -5AL;f(A)|||^5 < 1 

3 

provided that v{x) < {x)~ 2 ~°‘~. 


0<A<fe<Ai 


Proof. Note that 


Ef{X) = M±(A) - [g^{X)P + T] = vR^{X‘^)v - g^{X)P - vGqv = vE^{X)v. 

Lemma 12.41 and Corollary 12.51 yield the lemma since v{x)\x — y\^v{y) is Hilbert-Schmidt on 
L^(]R^) provided that v{x) < In our case k <^2 + a and v{x) < □ 


The following definitions are from |43] and m respectively, 
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Definition 2.7. We say that an operator T : —>■ with kernel is 

absolutely bounded if the operator with kernel |T(-, •)! is bounded from L^(R^) to 

Hilbert-Schmidt operators and finite rank operators are absolutely bounded. 

Definition 2.8. (1) Let Q := 1 — P, then zero is defined to be a regular point of the 
spectrum of H = —A + V if QTQ = Q{U + vGov)Q is invertible on QL‘^{E?). 

(2) If zero is not a regular point of spectrum then QTQ + Si is invertible on QL'^(M?) and 
we define Dq = (QT(5 + 5i)“^ as an operator on QL'^{Mf). Here Si is defined as the Riesz 
projection onto the Kernel of QTQ as an operator on QL‘^{^). 

(3) We say there is a resonance of the first kind at zero if the operator Ti := SiTPTSi is 

invertible on and we define Di as the inverse ofTi as an operator on 

Remarks. 

(1) Throughout this paper we assume there is a resonance of the first kind at zero. Thus, 
QTQ is not invertible on QL^ but QTQ + Si and Ti := SiTPTSi are invertible on 
QL^ and S'lL^ respectively. 

(2) By Jensen and Nenciu, we know that Range(5i — 52), S 2 being the orthogonal 
projection on Ker Ti has dimension at most one [Theorem 6.2 in [30]]. Since in our 
case S 2 = 0, Range Si has dimension one and we can write Sif = (f{f, cj)) for some 
4> £ 5iL^ with ||<^||i ;,2 = 1. 

(3) Again by Jensen and Nenciu for v < we have </> = uiif for an s-wave resonance 

G L°°\[ Up<oo LP) such that Hif = 0 in the sense of distributions, and 

(26) if = co + Govcf, 
where 

(27) Co = Y^^j^{v,T(f) = J v{x) T(f{x)dx. 

(4) In light of Remark (3) we have 

Ti = SiPTPSi = ||R||ic25i, Di = Tf ^ 

The following lemmas are given without proofs. 

Lemma 2.9 (Lemma 2.1 in (SOj). Let A be closed operator on a Hilbert space H and S a 
projection. Assume A + 5 has a bounded inverse. Then A has bounded inverse if and only 
if B := S — S{A + S)~^S has a bounded inverse in SH and in this case 
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= {A + S)-^ + (^ + + 5)-^ 

Lemma 2.10 (Lemma 2.5 in [lO]). Suppose that zero is not a regular point of the spectrum 
of —/S. + V, and let Si be the corresponding Riesz projection. Then for sufficiently small 
Ai > 0, the operators M^(A) + Si are invertible for all 0 < X < Xi as bounded operators on 
And one has 


(28) (M±(A) + 5i) ^ = h±{X)-^S + QDoQ + Wt{X), 


provided v{x) < (x) 

(29) S = 


. Here h±{X) = g^{X) + c where c G M and 

P -PTQDoQ 

-QDoQTP QDoQTPTQDoQ 


is a finite-rank operator with real-valued kernel. Furthermore, the error term satisfies the 
bound 


II sup A 2 |iL;^±(A)|||j:^^ + II sup A2|9 a^^i±(A)|||^_5 

0<A<Ai 0<A<Ai 

+ 11 sup X-2+<^{b-X)-'^\dxWi±{b)-dxWi±{a)\\\^^<l. 

0<A<fe<A<Ai 

Proposition 2.11. Assuming v{x) < in the case of resonance of the first kind 

at zero B±{X) = Si — Si{M^{X + S'i)~^5'i is invertible on 5iL^(M^) and we have 

where cq is as in the third remark and 

sup A “2 + |o±(A)| + sup A 2 “|o'±(A)| 

0<A<Ai 0<A<Ai 

+ sup aH“-(0 -A)-"|a'±(0)-a'±(w))| < 1. 
O<A< 0 <A<A 1 

Proof. We apply Lemma 12^91 to obtain (suppressing ’+’ notation) 

B{X) = Si- Si{h-\X)S + QDoQ + lLi(A))5i = -h-\X)SiSSi - 5iWi(A).Si 

= h-^{X)SiTPTSi - 5iWi(A)5i = -h-^{X)cl\\V\\iSi - SiWi{X)Si. 

The second equality follows from the identity QSi = SiQ = SiDq = DqSi = Si. The third 
also uses the identity PSi = SiP = 0 and the definition of S. The last equality follows 
from Remark 4 above. 
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Writing S'iWi(A)Si = ^(A)^! (where the function w satisfies the error bound of Wi), and 
noting that by definition of s-wave resonance cq 7 ^ 0, we obtain —/i“^(A)cq||F||i — tc(A) 7 ^ 0 
for sufficiently small A. Therefore 

1 „ h{X) 


(30) 




-h-^X)4\\Vh-w{X) 


Si = - 


-Si + a{X)Si. 


The bounds on a(A) follows from the definition of h and the bounds on w. □ 

Using ()28p and (I30p in Lemma 12.91 we obtain the following expansion for M^(A)“^: 

Corollary 2.12. Assume that v{x) < For all 0 < X < Ai, we have the 

following expansion for M^(A)~^ in case of a resonance of the first kind: 

SiS 


aP(A)-‘ = 


-0 


-0 


1 cgllUlli cl 


+QD^Q+^^+E{X){x,y) 


MX) 


h±{X) 


where E{X){x,y) is such that 
(31) II sup A"^+|.U±(A)|||^g 

0<A<Ai 


sup A 2 |aAL;±(A)||| 
0<A<Ai 


HS 


+ II sup A 2+"(6 - A)-"|9aS±(6) - dxEM) 

0<A<6<Ai 

Substituting the expansion above for M^{X)~^ in (|2^ . we obtain the identity 

SSiS 


Ir-S ~ 




(32) i2±(A) = i?o^(A2)+i2±(A>[ 


+ 


SiS 

H——1“ 


S 


- QDoQ - 


h±{X) 

2.2. Proof of the Theorem 12.11 

The following proposition takes care of the contribution of the free resolvent in 


MX) 


+ E^{X)]vR^{X^). 


to 


Proposition 2.13 (Proposition 4.3 in [H]). ITe have 


1 


(x)2(y)2 


5 


Xx{X)[R+M - R^{XM,y)dX = -^ + o 

Below, we obtain similar estimates for each operator included in (I32p . Simplifying the 
boundary terms which appear as operators having j decay gives us Theorem 12.11 

The following two stationary phase lemmas from m will be useful for further calcula¬ 
tions. 


Lemma 2.14. For t > 2, we have 


' MxS{X)dX-^-^\<\j'^ ' |T'(A)|dA + 


^'(t-l/ 2 ) 

1 

(£'M' 

t3/2 

yt-i /2 

V A ) 


dX. 
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Lemma 2.15. Assume that £^(0) = 0. For t > 2, we have 




We start with the contribution of h±{X)Si from (|32]) to ([9]). Recall that 
^±(A) = g^{X) + c = ai logA + 02 ± 

where c, ai E M, then using the definition (|17p of free resolvent, we write 

(33) 7^l := h+{X)R^{X‘^){x,xi)R^{X‘^){yi,y) - h-{X)RQ {X‘^){x,xi)Rq {X‘^){yi,y) 

= 2ialog{X)[Yo{Xp)Jo{Xq) + Jo{Xp)Yo{Xq)] 


+ 




32 


[MXp)MXq) +Yo{Xp)YoiXq)], 


where p = |x —xi| and q = \y — yi\- The following proposition takes care of the contribution 
of h±{X)Si in (l3^ to Q. 

Proposition 2.16. For t > 2 and 0 < a < 4, if v{x) < {x)~'^/‘^~, then we have 


I f 

./r4 Jo 


Xx{X)TZi{X,p,q)[vSiv\{xi,yi)dXdxidyi - -Fi{x,y) 


(x)5+"(y)4+“ 


where 


Fi = - 


IGvr^ 


/ log \x - xi\v{xi)Si{xi,yi)v{yi) log \y - yi\dxidyi. 
JR4 


We prove this proposition in a series of lemmas. 

Lemma 2.17. Under the conditions of Provosition [2.16[. we have 


(34) 


(35) 


(36) 


e 

4r4 Jo 

r rOG 

Jr4 Jo 

0 R4 Jo 


Ax(A)log(A)yo(Ap)[uS'io](xi,yi)Jo(Ag)dAiixid2/i 


^ ^a;) 2 +“(y) 2 +“ 


e**^‘Ax(A) log(A)Jo(Ap)[u5iu](xi,yi)yo(Ag)dAda;i(iyi 


(x) 2 +“(y) 2 +“ 

■ 


Ax( A) JoiXp) [u5i u] (xi, yi) Jq {Xq)dXdxidyi 




{x)2+°‘{y )2- 
tl+c 


To prove Lemma 12.171 we need the followinET lemma from P. Another version of it can 
be found in 
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Lemma 2.18 (Lemma 3.3 in [H]). Let p = \x — xi\, r = \x\ + 1, and 

F{X, X, xi) = x(Ap)Lb(Ap) - x(Ar)yo(Ar), 
G(A, X, xi) = x(Ap) Jo(Ap) - x(Ar) Jo(Ar). 


We have 


1 , ,1 , 1 , ,1 ^ 1 


|G(A,x,xi)| < A 2 (xi) 2 , |9aG(A,x,xi)| < a ^{xi)-^, |9aG'(A,x,xi)| <-(xi). 


and 


l'2\i 

|F(A,x,xi)|< / |F(A,x,xi)| + |9AF(A,x,xi)|(iA </c(x,xi), 

Jo 

|(9Ai^(A,x,xi)| < |5|F(A,x,xi)| < 

Here k{x,xi) := 1 + log“(|x - xi|) + log+(|xi| + 1), log“(x) = - log(x)x(o,i)(a;), and 
log+(x) = log(x)x(i,oo)(a^)- 

Proof of Lemma 2.11, We only prove the assertion (I34|) , the second and third assertions are 
analogous. 

We consider the low and high energy parts separately. To do that we divide the proof 
into cases, 

Case 1 : Ap < 1 and \q < 1 . Letting x(Ap), x(A(J') be the cutoff functions as in Lemma iTSl 
for low-low energy, we consider 

(37) / / e**^^Ax(A)log(A)lo(Ap)x(Ap)xS’ix(xi,?/i)x(Ag)Jo(Ag)(iA(ixi(i?/i. 

4r4 Jo 

Note that by definition of Si and Q, for any / G L^(M^) 

(38) f f{xi)[Si]{xi,yi)v{yi)dxidyi = f v{xi)[Si]{xi,yi)f{yi)dxidyi = 0 

JK4 JR4 

is satisfied. By using this fact we can replace Yo{Xp)x{Xp) with F{X, x, xi); and Jo{Xq)x{Xq) 
with G{X,y,yi). Hence, the A integral of ([57)1 is equal to 


(39) 


poo 

/ Ax(A) log(A)F(A, x, xi)G(A, y, yi)dX. 
Jo 


Letting £{X) = x(A) log(A)F(A, x, xi)G(A, y, yi) , we see that T(0) = 0. Then by Lemma 
12.181 we have 


I^a^(A)| < x(A)A 2 {yi)lk{x,xi), 


dx 


dx£{X)x 

X J 


<x(A)A 2 (yi)fe(x,Xi). 
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Using Lemma 12.141 


1 r"''" 

\m\<T 

^ Jo 


\£'{X)\dX + 




{yi)k{x,xi) 


1 

t Jo 


i3/2 

t-i /2 


1 r- 



( A ) 


A 2 dX 1 4 -|- 


1 r 


dX 


X-2-dX 


- 1/2 


k{x,xi){yi) 


5 

t4' 


Case 2; Ap < 1 and Xq > 1. The case Ap > 1 and Ag < 1 is similar. Note that Lemma [2.181 


is valid for the low energy. Therefore, we can not use (|38|) to exchange To(Ag)x(Ag) with 
G{X,y,yi). Instead we use the large energy expansion of Jo{Xq) and consider the 
following integral 

poo ^ 

(40) / e**^^Ax(A)log(A)F(A,x,xi)Jo(Ag)dA. 

Jo 

Let T(A) = x(A) log(A)T(A, x, xi) Jo(A( 7 ). Using the bounds in Lemma [2.181 and Lemma [T3l 
we have the estimates 


(41) |5a^^(A)| < x(A)A 2 ((y)(yi)) 2 A:(x,xi), 

(42) |52T(A)| < A-3/2-fc(x,Xi)(yi)3/2(y)3/2. 

Using (1420 for the mean value theorem we have 

|5AT(a) - 5 aT(A)| < \a-X\X~‘^/'^~k{x,xi){yif/‘^{yf/‘^ 
whose interpolation with (1411) gives us 

(43) \dx£{a) - 9aT(A)| < |a - A|“A"5-“/c(x,xi)(?/i)5+“-(y)5+“. 


Noting T(0) =0 we can use Lemma 12.151 and obtain 

I®I ^ Tr -£'(A)Ma. 

Using (I4ip we can estimate the first integral as 

(y)^(yi)5fc(x,xi) 1 {y)^{yi)^k{x,xi) 

t Jo X-^-{l + tX^) - t5/4+ 

To estimate the second integral we have, 

A(\/i + 7rt“3x-2 _ i) ^ 

tx 


And that gives 

A:(x,xi)(yi)^ 


^y)- 




r 




dX 


fc(,X,Xl)(//l)2+«(j/)2+« 


since 0 < a < j. 
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Case 3: Ap > 1 and Xq > 1. In this case we need to use the large energy expansion for both 
Yo(Xp) and YQ{Xq). Therefore, we consider the following integral 

f°° 2 ^ ^ 

(44) / Ax(A)log(A)yo(Ap)Jo(Ag)(iA. 

Jo 

Note that (|44l) has slightly faster decay than (I40p in terms of A. Also the largest contribution 
to the weight function comes when both derivatives act on either Jq or Iq as (•) 2 . This can 
be reduced to using the argument that leads to ([l3l) above. 

Hence, combining all four cases we see that 


e'*^‘Ax(A) log(A)yo(Ap) Jo(Ag)dA 


tl+a 


for a G (0,1/4). That yields 


m 


< 


i{x){y)) 


4+a 


^ 1 +a 


[ k{x,xi){xi)^^^°v{xi)[Si]{xi,yi)v{yi)k{y,yi){yiy/'^+'^dxidyi 

JR4 


^ i{y){yi))^^^'^\\Hx,xi){xi)^/^+‘^v{xi)\\L2jSi\\L2^L4k{y,yi){xi)v{yi)\\ 
(x) 2 +“(y) 2 +" 




< 




The last inequality follows from the assumption v{x) < (x) which implies 


n(xi)(xi)/c(x,xi)||i 2 < 1. 

X'l 


□ 


Lemma 2.19. Let A'(A, y, yi) = x(A|y - 2/i|) - x(A(|2/| + 1)) • Then 

\K{X,y,yi)\ < A(yi) , |9 aA'(A, y,yi)| < (yi) , |5 aA'(A, y,yi)| < A“^(yi). 

Proof. Noting that x £ C°°, for the first inequality we use the mean value theorem to 
conclude 

|A:(A,y,yi)| = |x(Ag) - x(A(|y| + 1))| < A(yi) max |x'(x)| < A(yi). 

For the second inequality note that dxx{Xq) = qx'iM)- Using this and the fact that x £ C^, 
we obtain 

|9AA'(A,y,yi)| = |gx'(Ag) - (|y| + l)x'(A(|y| + 1))| < (yi)- 

Finally for the third inequality, note that x"{M) is supported when A ~ Using this and 
the second derivative of the cut-off functions in terms of A, we have 

|5AA:(A,y,yi)| < |y^x"(Ay) - (|y| + l)^x"(A(|y| + 1)) | < A"^|y - (|y| + 1)|. 
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□ 


Lemma 2.20. Under the same conditions of Provosition [KJR we have 


(45) 


f 


Xxii\)YQ{Xp)vSivYo{Xq)d\dxidyi 


2i 


log |x - xi\[vSiv]{xi,yi) log |y - yi\dxidyi + 0{t ^/^{x){y)). 


Proof. The proof is very similar to the proof of Lemma[2T7] except in the case when Xp, Xq < 
1. This is because the identity (f38t) leads to an integral with operators F{X, x, xi)F{X, y, yi), 


which doesn’t give better decay rate than 1/t. We have to be more careful obtaining the 

2 2^ ~ 

term behaving like l/t explicitly. By the expansion Yq{z) = — log(z/2) H-h 0(z"‘log z) 

Vr TT 

of Bessel’s function for small energy, we have 


Yo{Xp)Yo{Xq) = ^log|x-xi|log|y-yi| +A{X,p,q) +E{X,p,q) 

where 

A{X,p,q) := Cl log(A)[log(Ap) + log(Ag)] + C 2 [log(Ap) + log(Ag)] + C 3 , where Cj gR - {0} 
and 

Fi{X,p,q) := d{log{Xp){Xqflog{Xq)), E 2 {X,p,q) = {\og{Xp){Xpf \og{Xq)) 


To handle the terms in the operator A{X,p,q), we need Lemma 12.191 Consider only the 
first term in A{X,p,q) then we have 

(46) f [ e^^^^ Xx{X)logXlog{Xp)x{Xp)[vSiv]{xi,yi)x{Xq)dXdxidyi. 

4r4 Jo 

Note that by using (f38|) we can subtract x(A(|x| + 1)) from the left side of u(xi) and 
x(A(|y| + l)) from the right side of v{yi). Hence (1461) is controlled by 

/* roo 

/ / Xx{X)logXK{X,x,xi)[vSiv]{xi,yi)K{X,y,yi)dXdxidyi 

Jo 

which does not leave any boundry term. Indeed using Lemma l2.19l and Lemma 12.141 it can 
be bounded by (yi){xi)t~^^‘^~^. 

For the error term Ei{X,p,q), note that by using the projection property of we can 
subtract x(-^(|3;| + 1) log(A(|x| + 1)) from the left side of the operator vSiv to replace log(Ap) 
with k{x,xi). Then, using Xq < 1, we have 

|94[{A4)U„g(A,)ii <,(A,)- < (,){,,). < (AM, 
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The bound follows by Lemma [2.141 Similarly, the error E 2 {X,p,q) can be 

bounded by • 

Finally we consider the integral 


(47) 


f f 

Jr^ Jo 


Ax(A) log \x - xi\xiXp)[vSiv]{xi,yi)xiXq) log \y - yi\dXdxidyi. 


Applying integration by parts once, the A integral of ()17)l is equal to 

1 1 ^00 J 1 

For the second inequality note that all the cut-off functions are infinitely differentiable. 
However two integration by parts would yield too large of a spatial weight. An easy cal¬ 
culation gives ^{x{X)x{Xp)x{Xq)) < {x){xi){y){yi). And for ) the 

most delicate term comes when all the derivatives fall on either x{Xp) or x{Xq). But since 
X^{Xp) for A: > 1 is supported when p ~ i we have 


x{X)x"{Xp)p^x{Xq) 


X 

and that applying Lemma 12.141 yields 
The hnal result is therefore obtained as 


<A-5/2(x)(xi) 


(051) =- %r; / log|x-xi|[u5'iu](xi,yi)log|y-yi|(i?/idxi 


+ 0 


{y){x) 

t3/2 


k{x, xi){xi)[vSiv]{xi,yi)k{y, yi){yi)dxidyi '^, 


which finishes the proof of the lemma. 
Multiplying the boundary term with 


□ 




32 


gives Fi in Proposition 12.161 


We next consider the contribution of QDqQ, SSi, and SiS, from (l32]l to ([9]). Let 


(49) 772(A,p,g) := R+{X^){x,xi)R^{X^){yi,y) - R^{X^){x,xi)R^{X^){yi,y) 

= -^[Jo{^P)Yo{Xq) + Yo{Xp)Jo{Xq)] 

Note that using this expansion and the projection property of Q the contribution of QDqQ 
can be handled as in Proposition 12.161 Infact, it does not leave any boundary term since 
(14^ does not contain the term Yo{Xp)YQ{Xq) 


Proposition 2.21. For t > 2 and a < ^ if v{x) < {x) , then we have 



Ax(A)772 (A, p, q) [US’S!?;] (xi, yi)dXdxidyi 


-F2{x,y) 


< {x){y) 

^ F+ci ’ 
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where 



Ax(A)7^2 (A, p, q) [fS'i S'?;] (xi, yi)d\dxidyi 


F?.{x,y) 


< {x){y) 


F^{x,y) = ^ 


i;(xi)[5Si](xi, yi)i;( 2 /i) log \y - yi\dxidyu 
log |x - xi\v{yi)[SiS]{xi,yi)v{yi)dyidxi. 


Proof. We consider the first assertion. By (|49p we have the following two integrals: 


(50) 


(51) 


/ 

iR4 Jo 

JR4 Jo 


Xx{X)Yo{Xp)v{xi)[SSi]{xi,yi)v{yi)Jo{Xq)dXdxidyi, 


Xx{X)Jo{Xp)v{xi)[SSi]{xi,yi)v{yi)Yo{Xq)dXdxidyi. 


Here the only caveat is that we have S'! only on the right side, which means that we can 
perform addition and subtraction of Jo(A(|y| + 1)) and yb(A(|y| + 1)) only on the right side 
of SSi- Hence the proofs for high-low and high-high energy are not affected by this caveat. 
When Ap < 1, Ag > 1 we have the following two integrals for ([SH]) and (f^TI) respectively, 


e**^^Ax(A)[l -h 0{log{Xp))]x{Xp)vSSivJoiXq)dXdxidyi 

(53) / / e''^^^Xx{X)[l + 0{{Xpf‘)]x{Xp)vSSivYo{Xq)dXdxidyi 

JR'^ Jo 

Letting f (A,p, g) = [l-|-0( log(Ap))] x(Ap) Jo(Ag) we have f(0) = 0. Using Lemma 1^31 and 
the fact that (Ap) < 1, we obtain 



|9A^(A,p,g)| < A fc(x,xi)(y)^/2(yi)^/^ 

\dl£iX,p,q))\ < A-3/2-A:(a;,xi)(xi)3/2(y)3/2(y,)3/2 
\£{b)-£{X)\ < |6- ArA-3/2-fe(x,Xi)(xi)V2+«(yi)H“(y)l+« 


which gives 

(x)H“(p)^+" 

using Lemma 12.151 With a similar argument one can show that (I53p satisfies the same 
decay assumption with the same weight function. 

For the low-low case first note that 5i being only on the right side of the operator allows 
us to exchange JoiXq) with G{X,y,yi) in ([50p . and YQ{Xq) with F{X,y,yi) in ([5T]) . The 
decay rate of G{X,y,yi) cancels out the singularity of log A, which is the dominated term 
in the expansion (12011 of Yq. Therefore, we don’t obtain any boundary term from (1501) and 
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can bound it by with the weight k{x,xi){y){x). However, this is not the case for (f^T]) . 
The following lemma evaluates the contribution of this term. □ 


Lemma 2.22. Under that same conditions of Proposition [2.211 for Xp,Xq < 1 we have 
(54) IdSID + ^ J^^v{xi)[SSi]ixi,yi)v{yi)log\y - yi\dxidyi\ < — 


Proof. Note that multiplying the boundary term with — | gives the the statement of Propo¬ 
sition 12.211 

Using the expansions (fT9|) and (ISH]) for Jo{Xp) and Yo{Xq) respectively we have 


M^P)Yo{Xq) = l + 0{{Xpf) -Go{y,yi) + c{l + logX) + 0{{Xqf )) 


J ltt 


= -Go(y,yi) + c(l TlogA) -bO((A^)^log(A^)) + 02 {{Xp)‘^)Yo{Xq) 
Note that we can exchange Jo{Xp) with F{X,y,yi) using ([55]) to obtain 


O P poo 

<^ = - / e'^^^Xx{X)x{Xp))[vSSiv]){xi,yi)x{Xq)Go{y,yi)dXdxidyi 

^ iR4 Jo 

+ o( [ [ e"^^^Xx{X)x{Xp)[vSSiv]{xi,yi)x{Xq){Xqflog{Xq)dXdxidyi 

\ JR4 Jo 

Xx(X)x(Xp) [nS'S’iu] (xi, yi)x(Xq) [l + log A] dXdxidyi 

+ I [ Xx{X)x{Xp){Xpf[vSSiv]{xi,yi)F{X,y,yi)dXdxidyi 
JR-* Jo 

The first integral is similar to (08]). We therefore have 

9 /*cio 1 

- / Xx{X)x{Xp)x{Xq)Go{y,yi)dX = - -\og\y - yi\+0{t~^/‘^{x){xi){y){yi)). 

The contribution of third integral follows as A(X,p, q) in Lemma [2.20l and it can be bounded 
by {xi){y){yi). Using Lemma 12.141 the other two integrals give the same bound that 

Ei{X,p,q) in Lemma 12.201 gives. The weights coming from the second derivative of the 
cut-off functions can be reduced as required using the support of x'{Xp) and x'{Xq). Hence, 
we obtain the inequality (1541) . □ 



For the terms arising from /i±(A) ^SSiS and h±{X) ^S, which are the integrals 


(55) 
and 

(56) 



Ax(A)7^3(A,p, q)vSSiSv{xi,yi)dXdxidyi 


Ax(A)7^3(A,p, q)]vSv{xi,yi)dXdxidyi, 

















A WEIGHTED ESTMATE WHEN ZERO IS THE RESONANCE OF THE FIRST KIND 


21 


where m) _ j/l) 

h+{X) h-{X) 

ing Proposition, which is the generalized version of Proposition 4.4 in Un- 

Proposition 2.23. Let 0 < a < 1/4, v{x) < For any absolutely bounded 

operator P, we have 


/R 4 Jq 


Ax(A)7^3(A,p, g)t;(xi)r(xi,yi)t;(yi)dAdxidyi 


1 


i;(x)r(xi,yi)?;(yi)dxidyi + 0 


4 niiUM4 

Corollary 2.24. Under the same conditions, we have 


y/w{x)w{y) ^ ^ 


(x)3+"+(y)H"+ 


IdMl) - jF4{x,y)\ < O 


IdSSD - -F5ix,y)\ < O 


y/w{x)w{y) 

tlog^{t) 

y/w{x)w{y) 

tlog^{t) 


+ 0 

+ 0 


(x)2+“+(y)2- 
/T+^ 

(a:)^+“+(y)^+“+ 

/T+^ 


where 


Fi{x,y) = -- 


F5ix,y) = -- 


1 


i;(xi)[55i5](xi,yi)r;(yi)dxidyi, 

r;(xi) [S'] (xi, yi )r; (yi )dxi dyi. 


4 ||F 111 

Finally, the contribution of the error term E{X){x,y) can be handled as in Proposition 
4.9 in [n]: 

Proposition 2.25. Let 0 < a < 1/4, v{x) < IFe have the bound 


(57) 


dR4 Jo 


e**^"Ax(A)[7^^ - 7^2 ]f(xi)£'(A)(xi,yi)i;(?/i)dAdxidyi 


(x)^+"+(y)^+"+ 

fl+a 


Using Proposition 12.131 Proposition 12.161 Proposition 12.211 Corollary 12.241 and Proposi¬ 
tion 12.251 in the expansion (|2H) for Ry — Ry leads us to (fT6l) with 

r(i,!/) = -j + 3477:^r'.-F,. 


4 Co III/111-“^ 

The next proposition calculates F{x,y) explicitly to finish the proof of Theorem 12.11 


Proposition 2.26. Under the conditions of Theorem. \1.1\ 


(58) 


Fix,y) = -^i;{x)i;{y) 
4co 


where if is an s-wave resonance. 
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Proof. Recall that Si is a projection operator with the kernel Si{x,y) = 4>{x)4>{y) for some 
\\4>\\l2 = 1. Using this and the definition (f23]l of Gof{x), Fi can be written as 

Fi{x,y) = - ^^^^[GoV(j)]{x)[Gov4>]{y). 

By Remark 3 we know that Govf) = if — cq, where V' is a resonance function. This gives us 

Fi{x,y) = - co)(V'(y) - Co). 

For F 2 and F 3 recall that 


p 

-PTQDoQ 


ail ai 2 

_ -QDoQTP 

QDoQTPTQDoQ 


“21 0,22 


5 = 

Note that multiplying S by u from the left side cancels 021 and 022 ; and by Si from the 
right side cancels an. Hence, we see that vSSi = —vPTQDqQSi = —vTSi. Here we also 
used the fact that SiDq = T^O'S'i = 5'i- Therefore, we have 

F 2 {x,y) = ^ I v{xi)[SSi]{xi,yi)v{yi)log\y-yi\dyidxi 

OTT Jm4 

=I v{xi)TSi{xi,yi)v{yi)log\y - yi\dyidxi 

OTT Jk4 

which is equal the following by using the definition of Si and Gof{x) 


1 


1 


vixi)[T(j)]{xi)[(fv]{yi)log\y-yi\dxidyi =--{v,T(f)[GoV(f)]{y) 
OTT Jm.4 4 


-co{ipiy) - Co). 


For the last equality we again used Remark 3. The same calculation shows that 

F3{x,y) = - ^^^^co{'iIj{x) - Co). 

Using the above definition of S and the same cancellations, we have vSSiSv = vTSiTv 
which results in 

1 


F4ix,y) = -- 


-{v,T<f){v,Tcf) = - 


- 

Cq. 


4||U||i4 
For F^{x,y)., note that we have v{x) both on left and right side of S. Hence, except P 
everything vanishes and we obtain 

If 1 

F5{x,y) = -TnTTir / v{xi)P{xi,yi)v{yi)dxidyi = 

4111/111782 4 

It is easy to see that F 5 cancels out the operator coming from the free resolvent. The other 
four sum up to —^^^f^'ip{x)ij:{y) and that establishes the proof. 


4 
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□ 


We conclude this section by remarking that the bounds that we obtain in this section 
allows us to reach a similar estimate for the solution of the wave equation with some small 
modifications. Replacing Proposition 12.131 Proposition 12.211 and Proposition 12.251 with 
Proposition 5.10, Proposition 5.11, and Proposition 5.15 in |26j respectively one can obtain: 


f 


(sin(tA) + Acos(tA)x(A))[R^(A^) - Ry{X^)]{x,y)dX - jF{x,y) 


< 


(1 + log+ |x|)(l + log+ |y|) 




{y) 


1+0 


t log^ t 


^1+c 


This estimate gives us Theorem 11.41 with no interpolation. Note that the interpolation 
with unweighted result (14) does not help us to decrease the weight function to log^(2 + |x|) 
and have the decay {t\og^ t)~^. This is because we need to improve the time decay from 
as opposed to Schrodinger time decay \t\~^ . 

Also note that we only need to subtract a finite rank operator from (|13p . The reason is 
the following identities (A smooth and compactly supported) 


cos(tA)AA(A)dA = —- 


sin(tA) (AA(A))^dA, 


POO -I 1 POO 

/ sin(fA)A(A)dA = —A(0) H— / cos{tX)A'{X)d\. 

Jo ^ t Jo 

The boundary term in the second identity will result in the finite rank operator, as in the 
proof of Theorem 11.11 


3. MATRIX CASE 

We start to the matrix case by reminding that the following representation is valid for 
(/, 5 ) G X U Ai+,(see, section 2 in [H]); 

(59) {e^''^Pacf,g) = 1^1 - ^vi>^)]f,9)dX. 

27rzy|A|>^ 

We prove the following two theorems and use the interpolation argument from the scalar 
case. 


Theorem 3.1. Under the assumptions of Al)-A4), if there is a resonance of the first kind 
at zero then we have, for any t > 0, 



e**^x(A/L)[91+(A) - fH^(A)] ix,y)dX 



sup 

x,yGM-^ ■,L>1 
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Theorem 3.2. Under the assumptions Al)-A4), if there is a resonance of the first kind at 
zero then we have, for any t > 2, 


sup 

L>1 


'|A|>/x 


e**^x(A/T) [9^y(A) - (A)] {x, y)dX - -5'(x, y) 


y/w{x)w{y) 


tlogfit) 


tl+a 


where 0 < a < 


3.1. The free resolvent and resolvent expansion aronnd zero in case of s-wave 
resonance. 

The aim of this part of the section is to show the spectral density [IHy (A) — (A)](x, y) has 

a similar expansion as in the scalar case. The free resolvent “iXKfiz) of matrix Schrodinger 
equation is given by 


^fiz) = [Uo - z)-^ = 


Rq{z-ij) 0 

0 -Ro{-z-pl) 

for 2 G (—oo, —/r) U (/r, oo). Here Ro{z) is the scalar free resolvent. Writing z = /i + A^ , 
A > 0 we have 


+ A^)(x,y) = 
Note that the bounds 


^o(A^)(x,y) 


0 


0 - y\) _ 


(60) |i22(A^)(x,?/)| < 1 + log \x-y\<k{x,y),\dlR 2 {X^){x,y)\<l k = l,2,... 


can be seen directly from the large and small energy expansion of Hankel functions and y, 
being strictly greater than zero. 

We will repeat some Lemmas and Corollaries from Section [2] modified as needed for the 
matrix operator. 

Define the matrices 



’ 1 0 ' 


’ 00 ' 

Mil = 

0 0 

, M 22 = 

0 1 


Lemma 3.3. The following expansion is valid for the kernel of the free resolvent 


‘T\o{y + \^){x, y) = Q^{X)Mn + Go{x, y) + £:^(A)(x, y), 


where 
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Go{x,y) = 


Goix,y) 0 

0 -y\) _ 


and £Q{X){x,y) satisfies the bounds, 

\^o\ ^ {X)^XHx-y)K I^A^O^I < (A)U“5(x-y)5 


2c±l < 


mi 


11 3 

{X)^X~2{x — y)2. 


Corollary 3.4. For 0 < a < 1 and b > a > 0 we have, 

m^{b) - dx£^{a)\ < a-^|6 - a|“(x - y)^+“. 


We write V = —a^vv := viV 2 where vi = —a^v , V 2 = v, and 


1 

mi + 1^2 + vi"i - 12 


_ 

a b 

2 

+ 1^2 - - 12 



b a 


Using symmetric resolvent identity, we have 

+ A^) = + A^) - iRo(^ + X‘^)vmiX)-^V2d^oiy + X^), 

where 

M^(X) = I + V2mo(y + X^)vi. 

Employing Lemma 13.31 

M^(X) = 0^(A)f2Miir;i + T + V2£^vi 
where T has kernel T{x,y) = I + V 2 {x)Go{x,y)vi{y). 


Lemma 3.5. Let 0 < a < 1. The following expansion is valid for A > 0 

M±(A) = -||a2 + b^L^^^2)Q^{X)P + T + £^{X), 

where P is the orthogonal projeetion onto the span of the veetor (a, 6)^ in x Further, 
we have 


sup A (A)|||^„ + II sup A 2 |( 9 A^f(A)|| 

0<A<Ai 0<A<Ai 


HS 


+ 11 sup A 2 ( 6 -A) “|(9A^i^(^)-5A£:i^(A)||| < 1, 

0<A<b<Ai 


provided that a{x),h{x) < (x) « _ 
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Proof. Note that the formulas for vi and V 2 give us, 


0=^(A)u2MiiUi 


-0^(A) 


a 0 


a b 

b 0 


0 0 


+ b‘^\\L^{R^)Q^WP- 


The Hilbert-Schmidt bound comes by the assumption on a{x),b{x), Lemma [3.31 and its 
corollary. □ 


Recall P in the scalar case is defined as projection onto v whereas in matrix case it is 
defined as projection onto the span of the vector {a,b)'^. In light of this difference we will 
give the following modified version of Dehnition 12.81 Let Q := 1 — P. 


Definition 3.6. (1) ^ is defined to be a regular point of the spectrum of Ti = —A + V if 
QTQ is invertible on x Lfi). 

(2) If p, is not a regular point of spectrum then QTQ + Si is invertible on Q{L^ x ifi) and 

we define Dq = {QTQ + as an operator on Q{L‘^ x ifi). Here Si is defined as Riesz 

projection onto the Kernel of QTQ as an operator on Q{LP‘ x ifi). 

(3) We say there is a resonance of the first kind at zero if the operator Ti := SiTPTSi is 
invertible on SiQ{L?‘ x L^) and we define Di as the inverse ofTi. 

With the following lemma we can have a representation for the space as in the scalar 
case. 


Lemma 3.7. If \a{x)\ + |6(x)| < and if cf E x L^) , then (j){x) = V 2 'f’i = V’ 2 Pi 

where V’l; '02 £ x o,nd {Hq — = 0 for i = 1,2 in the sense of distribution. Also 

we have 


0i(a^) = -/ Ooix,y)vi{x)4>{x)dx + {co,0) , 02 (a^) = - / 4 >{x)v 2 ix)gQ{x,y) - {co,0), 
JK2 Jr2 


with 


Co = 


|a2 + 62|| 


-{Tfi, {a,b)). 


Proof. We will prove 4>{x) = 02'Ci- Note that for any E 5'i(L^ x L^) since 5i < Q we have 
(pQ = (f). Also using Q = 1 — P we have 


0 = / 4>{x)QTQ{x,y)dx = I 4>{x)T{I — P){x,y)dx 
Jr'2 Jr2 

= / (j){x)[I + V2goVi]{x,y)dx + I c/){x)[TP]{x,y)dx 

JR2 Jr2 

= (f>+ (j){x)v 2 {x)go{x,y)dx Vi{y) + {-co,0)vi{y) = 4> + ip 2 Vi 

Jr2 
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For the second equality we used the definition of T. For the third equality we used the 
definition of P to obtain 

[ 4'ix)[TP]{x,y)dx = {a, b) = co(a,6) = co(-l, 0)ui (y). 

For the proof of the first part one can see Lemma 4.4 in [12]. Indeed, it follows with 


0 = 


QTQ{x,y)4>{x)dx with cq 




For being in L°° one can see Lemma 5.1 in |10j . 


□ 


Remarks. 

• (f>(x) = V 2 (x)ipi(x} = 'ip 2 (x)vi(x) gives us cJaV’i = V’ 2 - 

• If there is a resonance of the first kind at zero, Range S'! is one dimensional and if 

we take ||</>||l 2 xl 2 = 1 with 4> £ x L^) then, Sif = [(j)i, 4 > 2 ){ 4 >, f) where (j) is 

as in the Lemma EH 

• By Lemma EH we have 

Definition 13.61 and Lemma 13.11 followed by the steps in scalar case gives us the same 
expansion for with ||a^ + 6^||i instead of ||F||i. Hence, for h±{X) = —||o^ + 

6^||ig^(A) + c where c G M and for 0 < A < Ai, we have 


(61) 


(A) = «*(A^) + 


with E{X){x,y) is such that 


II sup 

0<A<Ai 


A-H|i?±(A)|| 


HS 


+ 


sup A2|9^.F='=(A)|||^^ 
0<A<Ai 


+ 11 sup X^+^{b-X)-^\dxE^{b) 
0<A<6<Ai 


dxE^{a)\ 


\HS 


< 1 . 


Here the matrix S has the same definition (|29p as in the scalar case. 
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3.2. Proof of the Theorem 13.2L 

The proof of Theorem 13.21 is similar to the proof of Theorem l2.ll The cancellation property 
Qv = 0 that we used repeatedly is replaced with 

(62) Munis'! = Sin2Mii = 0, 

which allows us to use Lemma l2.18l to gain extra time decay. Furthermore, as in the scalar 
case, the boundary terms arise only in the low-low energy evolution. For this reason, we 
present the proof of Theorem 13.21 for the case Xp, Xq < 1, and omit the cases in which 
high energy is involved. For high energies one can apply the same methods that we applied 
in the scalar case using the bound (j60p in addition to the bound (1211) . see [12] for similar 
arguments. 

For convenience we write 


%){p + X‘^){x,y) = Ro{X‘^){x,y)Mu + R 2 {X‘^){x,y)M 22 - 


The following Proposition takes care of the contribution of 


(63) 

to ([59|) where 



Ax( A)91i iX,p,q) [ni5in2] (xi, yi)dXdxidyi 


^i{X,p,q) := /i+(A)91+(/r -h X‘^){x,xi)^~^{p -h A^)(y,yi) 

- h~{X)m~{ii + X^){x,xi)d\~{p + X^){y,yi). 


Proposition 3.8. Let 0 < a < 1/4. If |a(x)| -|- |6(x)| < (x) then, we have 


(ESI) - -5i(x,7/) 


< {x){y) 


where 


II4“ II1 f 

di{x,y) = -r- - / Go{x,xi)vi{xi)Si{xi,yi)v2iyi)Goiy,yi)dxidyi. 

4 7r4 


Proof. d\i{X,p,q) can be calculated as 

h+{X)R+{X^){x,xi)MuMnR^{X^){yi,y)-h-{X)RQ{X^){x,xi)MuMuRo{X^){yuy) 

+ [/i+(A)i2)}'(A^)(x, xi) - h~{X)RQ (A^)(x, xi)]MiiM22.R2(A^)(yi, y) 

+ R 2 {X^){x,xi)M 22 Mn[h+{X)R+{X^){yi,y)) - h-{X)R^{X^){yi,y))] 

+ [h+{X) - h-{X)]M22M22R2{X^){x,xi)R2{X^){yi,y) 


Ai{X,p,q) + A2{X,p,q) + A^{X,p,q) + Ai{X,p,q). 
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Note that Ai{X,p,q) is similar to Hence, using the projection property (f62l) . its 

contribution to the integral (I63p can be obtained as 

(64) ^^^I67r2 J^^Go{x,xi)MiiviSiV2MiiGo{y,yi)dxidyi + ^ 

Next we consider A^{X,p,q). First note that 


[/i+(A) - h {X)]R2{X‘^){x,xi)R2{X‘^){yi,y) = 


p)H^ (iV2/i +A2 q). 


Taking £{X,p,q) = xWHq {i-\/2p + A^ p)Hq {i^/2p + A^ q) we see that T(0) 
= H+{i^\ X — xi\)Hq {i^/^\y — yi|). Also the bounds (l60l) leads us to: 
d 


(65) 


(66) d{ 


dX 


[x(A)-Ho^ {i\/2p + A2|x - xi\)H^{i^/2p + A^ly - yi|)] < k{x, xi)k{y, yi), 


^[x(A)i^(f (i\/2// + A2|x - xi\)H^{i^/2p + X‘^\y - yi\ 

X 


-) < A ‘^k{x,xi)k{y,yi). 


Hence, using Lemma 12.141 with the bounds (I65p and (16611 we obtain the contribution of 
Ai{X,p,q) to the A-integral in (1631) as 


Ut 

For A 2 {X,p,q), we have 

[/i+(A)i?(|(A2)(x,xi) - h-{X)RQ{X‘^){x,xi)]R2{X‘^){yi,y) 

(68) II 2 , l2|| 

= C'Jo(Ap)(log(A) + i)R^{X^){y,^y) + i'-L—^Yo{Xp)R 2 {X^){yuy) 
for some C* € C. 

Note that we can apply (|62p to the left side of this sum and replace G{X,x,xi) with 
Jo(Ap). Hence, Lemma 12.141 together with the bounds in (|6UD and Lemma 12.181 gives us the 
contribution of the left side to A-integral in ([63P as t~^ {x){xi)k{y,yi). 

To find the contribution of the right side of the sum in ([68P recall that Lo(-^|a: — a:i|) = 
y;(Ap)[| log(^) -|-c-|-0((Ay)^ log(Ap))]. Multiplying this with i? 2 (A^)(yi, y) we have 

2 


vr 


■log|x-xi|x(Ap)i? 2 (A )(yi,y)-h [logA-hc]x(Ay)i? 2 (A )(yi,y) 


+ 0{Xpflog{Xp)x{Xp)R2{X^){yi,y). 

Using Lemma 12.191 and (1621) . the contribution of the second term to A integral in (j63p can 
be obtained as {xi)k{y,y\)t~^/‘^ in a similar way as in A(A,y, yi) in Lemma 12.201 And the 


contribution of the third term follows as -with Lemma 12.141 
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Finally, for the first term we take £{X,p,q) = ^\og\x — xi\x{Xp)R 2 {X?){yi,y) and see 
£i{Q,p,q) = —■^\og\x — xi\x{Xp)HQ{iy/2pLq). Using Lemma lTT^ with the bounds of RoiX) 
the contribution of A 2 {X,p,q) is obtained as 


(69) 


i||a^ + ^^||i 

327rt 


Go{x, xi)Mu [viSiV 2 ]{xi,yi)M 22 Ho (is/^ q)dxidyi 

■ {x){xi)k{y,yi) 


+ 0 


fl + C 


With a similar argument the contribution of A^{X,p,q) is 


(70) / H^{iy/^p)M22[viSiV2]{xi,yi)MiiGo{y,yi)dxidyi 

327rt 

I Q(^ {x){xi)k{y,yi) '^ 

Adding up (fSTD . (pUjl . (1701) gives the statement. □ 


To find the contribution of the terms SSi and SiS to (l59l) we define 

^^(A,P,g) := DIq {X‘^){x,xi)d\^{X‘^){yi,y) - iHg (A^)(x, xi)iHo (A^)(?/i, y) 

Proposition 3.9. If \a{x)\ + |6(x)| < then we have 

f 1 

(71) / / e"^^^Xx{X)'iK^{X,p,q)[viSiSv2]{xi,yi)dXdxidyi--'^2{x,y) 

Jo I 


< {x){y) 


f 1 

(72) / / e''^^^Xx{X)‘>K^[X,p,q)viSSiV2]{xi,yi)dXdxidyi--^z{x,y) 

Jr4 Jo ^ 


< {x){y) 


where 


^2{x,y) = -\ [ go{x,xi)vi{xi)[SiS]{xi,yi)v2{yi)Mndxidyi, 

4 Jr4 

5 ^ 3 ( 3 ^,^) =-7 / Muvi{xi)[SSi]{xi,yi)v2{yi)go{y,yi)dxidyi. 
4 Jr4 

Proof. We consider only (fTTT) . Note that 


iR+(A,p,j) = [R+{X^){x,xi)MuMnR+{X^){yi,y)-Ro{X^){x,xi)MnMnRo{X‘^){yi,y)] 

+ [R+{X^){x,xi) - Ro{X^){x,xi)]MuM22R2{X^){yi,y) 

+ R2iX^)ix,xi)M22Mu[R^iX^){yi,y)) - Ro{X^)iyi,y))] 

= BiiX,p,q) + B 2 {X,p,q) + B 3 {X,p,q) 
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Again a similar kernel to Bi{X,p, q) is examined in the scalar case. It has the contribution 
(73) ^ j^ Goix,xi)Mu[viSiSv2]ixi,yi)Miidxidyi + 

to the integral in (ITTIl . For B 2 {X,p,q) = Jo(Ap)MiiM22722(A^)(yi,y) we can use the prop¬ 
erty (i62]l on the left side of SiS and exchange Jo{Xp) with G{X, x, xi). Then Lemma [2.151 
together with the bounds in Lemma l2.18l and (j60p gives us 


(74) 


f 


Xx{X)B 2 (A, p, q) [ni5i5n2] {xi,yi)dX 


{xi)k{y,yi) 

tl+a 


Lastly we consider B^{X,p,q) = |i? 2 (A^)(x,xi) Jo(A|y — yi|)x(A(?). Applying Lemma [2.141 

we have 

(75) 

r e^^^"XxiX)B3iX,p,q)dX = - xi|)M22Mn + O 

Jo ^ t 2 J 

since «9A-^o(A|y-yi|) < {y){yi) and Jo(A|y-yi|) < A"^(y)(yi) for Xq < 1; and the support 

of x'(Ay) allows us to reduce the spatial weight. Hence, (1751) . (1741) . and (1751) establishes the 

proof. □ 

The following Proposition will take care of the contributions of the following two integrals: 


(76) 

(77) 
where 


/ /' 

Jr4 Jo 

Jr4 Jo 

5^3(A,p,g) := 


XxiX)d\3{X,p,q)viSSiSv2{xi,yi)dXdxidyi, 

Ax(A)iH3(A, p, q)viSv2 (xi, yi)dXdxidyi , 

Tig (// + A^)TIq {y + A^) Tig {y + A^)Ttg {y + A^) 


h+{X) h_(A) 

Proposition 3.10 (Proposition 5.5 in [T5]). LetO <a< 1/4. //|a(x)|-|-|&(x)| < 
then for any absolutely bounded operator T we have 


— S/Z — Q — 


Jr 4 Jo 


e**-' d\3{X,p,q)viTv2ixi,yi)dXdxidyi 


4||a2 + b‘^\\i J]R4 


-/ 

1 Jr'S 


Miinir'(;2(ixidyi + O 


^/w{x)w{y) 


+ 0 




tl+a 


Corollary 3.11. Under the same eonditions of Provosition WAR we have 


IdZeD - ^5^4(x,y)| < O 




/X'w{x)w{y)\ 

1 +o( 

V tlog^(t) / 

/X^w{x)w{y)\ 

1 +o( 

V tlog^{t) / 


(x)H“+(y)l+"+ 

/TtT 

(x)5+“+(y)H"+ 
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where 


^i{x,y) = - 


4||a2 + 62||- 


■ / Miivi{xi)[SSiS]{xi,yi)v2{yi)Miidxidyi, 

JR4 


^b{x,y) = - ,11 2 ^ ,011 / Miivi{xi)S{xi,yi)v2{yi)Miidxidyi. 

4||a2 + ¥\\i 7^4 

The contribution of E{\)(x,y) can be handled as in Proposition 4.9 in |TT] and we can 
obtain the following proposition. 


Proposition 3.12. Let 0 < a < 1/4. If |a(x)| + |6(x)| < (x) ^/2 « ^ have 



Ax(A) [T^q + \^)viEv2'R-q + A^) - 7 ?.q (^ + \^)viEv2'R-q {fi + A^)] (x, y)dA 


-f-l+a ) 


We found the boundary terms di{x,y), i = 1,..,5 that has j decay for every term 
appearing in the expansion (1611) . Also we note that the contribution of free resolvent is 
calculated in [12] as 

3 3 

(78) e**^^Ax(A)[7^+(M + A^) - 7^o (^ + a2)](x, y)dX = -^Mn + . 

Considering this and the expansion (16111 we see that the assertion of Theorem 13.21 is 
satisfied for 


d{x,y) = doix,y) + 


1 


a2 + 


4 

— -d5{x,y). 

^0 i=i 


The following proposition concludes the explicit representation of 5^(x, y) in Theorem l3.2l 


Proposition 3.13. Under the conditions of Theorem \1.3\ we have 

S{x,y) = -^'if{x)(T3'il;{y) 

4co 

where {Hq — = 0 in the sense of distribution and xfj G L°°{E?) x L°°(M?). 

Proof. By definition of Si, it has the kernel Si = (j)^{x)(j){y). Using this in the operator 
obtained as we have 

(79) di{x,y) = f gQ{x,xi)[vi(j)]{xi)dxi [ [4>V2]{yi)Go{yi,y)dyi 

4 7r2 7r2 

= -^^^^^-^((-£ 0 , 0 ) - V’ 2 (a;))('!/’!(y) - (co,0)). 

For the second equality we used Lemma [3771 
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For d 2 ix,y) recall the equality QV 2 M 11 = 0. With a similar calculation in scalar case we 
conclude that S 1 SV 2 M 11 = —S 1 TV 2 M 11 . Then using the definition of Si and Lemma [3171 
we obtain 


(80) d2{x,y) = -- go{x,xi)vi{xi)[SiS]{xi,yi)v2{yi)Mudxidyi 

4 Jr4 

= 7 / go{x,xi)vi{xi)(j){xi)[(j)T]{yi)v2{yi)Mndxidyi 
4 Jr4 

= 7 / [goVi(j)]{x,xi)dxi {{a, b),T(j)){1,0) 

4 Jr2 

= ■^^^^^-^(co,0)((co,0) - 'ipiix)). 

For the third equality note that 


[T(i)]v2Mii =T(l) 

Consequently, using 

MiiVi[T4>\ = Tcj) 


a 0 
b 0 

o 0 
b 0 


[{a,b)-T(^]{l,0). 


[{a,b)-T<p]{l,0)'^ 


we have 

(81) 5 ^ 3 ( 3 ;, y) = ((co,0) + V’ 2 (?/))(co,0). 

Again as in the scalar case using the definition of S, Si, and the equality (l62|) we have 
MiiViSS 1 SV 2 M 11 = M 11 V 1 TS 1 TV 2 M 11 , then using the definition of Si we have 


(82) d4{x,y) 


1 

4:\\a? + b'^Wi 


MiiVi{xi)[T(t)\{xi)[(l)T]{yi)v2{yi)Miidxidyi 



[((a,6),r<(.)(l,0)-((a,6),r</.)(l,0)] 


+ b'^Wi 2 

4 


Finally we have M 11 V 1 SV 2 M 11 = M 11 V 1 V 2 M 11 . Using this, di{x,y) can be written ex¬ 
plicitly as 


If 1 1 

(83) d5{x,y) = - .11 2 I U2\\ / MiiViV 2 Miidxidyi = ||a^-F 5^||i =-Mn. 

A\\a^ + b^\\iJ^2 A\\a^ + b^\\i 4 

Multiplying (17^ , ([80]) , (f8T]l , (f82]l , (f83]l with required constants and summing up together 

with the boundary term (178]) from the free resolvent for matrix Schrdinger operator we 

obtain 

^ ^ 1 1 

'^di{x,y) = -^'ilj2{x)ipi{y) = -^a3'ilJi{x)'ilJi{y). 
i=0 *^0 
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□ 


3.3. Proof of the Theorem 13.IL 

The j bound for the free resolvent, for a similar error term to E, and for the term h±{X)~^S 
were examined in [12] in Proposition 5.4, Proposition 7.5, and Proposition 7.2 respectively. 
Since the proof of Proposition 7.2 requires the operator S only to be absolutely bounded it 
can be extended to the term h±{X)~^SSiS. 

For the operators QDqQ, SSi, and recall the expansion: 

^0 {X‘^){yi,y) - IHo (A2 )(x, {X‘^){yi,y) 

= Bi{X,p,q) + B 2 {X,p,q) + B^{X,p,q). 

The j bound for a similar kernel to Bi{X,p,q) is established in Proposition 3.11 in [TO] 
for the operator QDqQ, SSi, and SiS. Furthermore, Proposition 7.2 in m shows that 
B 2 {X,p,q) and B‘i{X,p,q) can be also estimated by j for the operator QDqQ. Since the 
proof of Proposition 7.2 requires the operator QDqQ only to be absolutely bounded it can 
be adopted to 5'S'i and SiS. 

Hence, it is enough to establish the j bound for the operator h±{X)Si. The following 
Proposition will conclude Theorem 13.11 

Proposition 3.14. //|a(x| + |6(x)| < (x)“^“ then we have, 


Jo 




/r4 Jo 

Recall the calculation; 


e""" Xx{X)‘^J{X,p,q)[viSiV 2 ]{xi,yi)dXdxidyi =0{- 


5Ti(A,p,g) = Ai{X,p,q) + A 2 {X,p,q) + A 3 {X,p,q) +A 4 {X,p,q). 

Not that Theorem 3.1 in m establishes the 1/t bound for a similar operator to Ai{X,p, q). 
Using (1621) one can adopt the same proof to Ai{X,p,q). 

Using the bounds (pUD . the contribution of A 4 {X,p,q) = ^R 2 {x, xi)M 22 M 22 R 2 {yi,y) can 
be handled as 


f 


’Ax(A)-R2(A^)(x,xi)R2(A^)(yi,y)dA 


<1 


f2Ai 


\dx[R2{X‘^){x,xi)R2{X‘^){yi,y)]\dX < k{x,xi)k{y,yi)o(^^ 


The assertion for A 4 {X,p,q) follows with ||xi(xi)(/c(x,xi)||j ;^2 < 1. 

xi 

To prove the contribution of the operators A 2 {X,p, q) and A 3 {X,p, q) we need the following 


Lemma. 
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Lemma 3.15. Under the same conditions of the previous proposition we have, 


I f 

Jo 


\x{\)A2{\,p,q)vi{xi)[Si]{xi,yi)v2{yi)d\dxidyi = O 


The same bound is valid for A‘i{\,p, q). 

Proof. We have to consider the large and the small energy contribution separately. 

Case 1: A|x — xi\ < 1. Recall that A 2 {X,p,q) = C'Jo(Ap)(log(A) + l)i? 2 (A^)( 2 /i,y) + 
zYQ{\p)R 2 {X?){yi,y) for some C E M and z E C. Taking this expansion and the pro¬ 
jection property (IU2]) of Si into account it is enough to consider the contribution of the 
following two integrals 


(84) 


f 


XxiX)F{X, X, xi)R 2 iX^){yi,y)dX, 


POO 

(85) / Ax(A)log(A)G(A,x,xi)R 2 (A^)(yi,y)dA. 

Jo 

By Lemma l2.18l and integration by part once, we have 


1 POO 

- / e^^^\'{X)F{X,x,xi)R2{X^){yi,y)dX 

^ Jo 


+ 


1 


r-2Ai 


< 


t Jo 

kiy,yi) 

lo 


d\F{X,x,xi)R2iX'^){yi,y) 


- / F{X,x,xi)dxR2{X'^){yi,y) 
^ Jo 

k{y,yi)k{x,xi) 


dX + 


|F(A,x,xi)| -h |5AT(A,x,xi)|dA 


dX 


< 


t f I \ 1 > -‘-/I'l''' \ > > z| J. 

Jo ^ 

With a similar argument |85j < ^ _ 

Case 2: A|x — xi| > 1. For this case we give a sketch of the proof and refer Lemma 3.8 
in m to the reader for details. 

Note that using (l6^ the A-integral of 


/ /' 

JR4 Jo 


Ax(A)log(A)Jo(Ap)Mii[ui5u2]M22(a;i,yi)R2(A'‘)(yi,?/)dAdxidyi 


can be written as 


( 86 ) 


f 


Ax(A)log(A)[Jo(Ap) - Jo(A(l -h \x\)]R2{X'^)iyi,y)dX. 


Let s = max(|a: — xi|,l -|- |(r|) and r = min(|x — xi|,l -|- |x|). Using the large energy 
representation (j21l] of Bessel functions and pulling the slower oscillation out, (I86p can 
be rewritten as the sum of 

(87) / e'*(^'±^^*'^)Ax(A)log(A)G±(A,s,r)R2(A2)(yi,y)dA, 

Jo 
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where 

G^{X,s,r) := x(As)w±(As) - e=^*^(*“'’)x(Ar)w±(Ar). 

We finish the proof by recalling that in Lemma 3.8 of [lOj . a similar integral to ()87jl is 
bounded by j. We note that the only difference between integral (1871) and the one examined 
in m is that 7?2 (A^)(?/i, y) is replaced with F{X, x, xi). 

□ 
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